Mathematica 11.3 Integration Test Results

Test results for the 52 problemsin "4.4.0 (a trg)"m (b cot)*n.m"

Problem 39: Result unnecessarily involves higher level functions and more than

twice size of optimal antiderivative.
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Problem 46: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(dCot[ewa])”Sin[e+-Fx]2d1x

Optimal (type 5, 51 leaves, 2 steps):

(d Cot[e + f x] >1*” Hyper‘geometr‘icZFl[Z, 1;”, 3;”, —Cot[e+fx}2}
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Result (type 6, 5097 leaves):
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1-n 3-n
((—3+n) AppellFl[——, -n, 3,
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-1+n 2

(e+fx)]2

N



6 | Mathematica 11.3 Integration Test Results for 4.4.0 (a trg)”~m (b cot)™n.nb
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Tan{l(eﬁ:x)]z,—Tan[l(eﬂcx)}z} Sec[l(e+fo2Tan[l(e+Fx)]—
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2 2 2
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2 2 2
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5-n
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—Tan[l (e+fx)]2] Sec[1 (em‘x)]zTan[l (e+-FxH
2 2 2
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3Appe11F1{3_—n, -n, 4, —, Tan[1 (e+fx”2, —Tan[l <e+fx)]2]
2 2 2 2

Sec[% (e+FxH2Tan[§ (e+fx)]+(-3+n)

1 1- -n 1 2
[— (1-n) nAppellF1[1+ ,1-n,3,1+~——, Tan[~ (e+fx)],
3-n 2 2
1 2 1 2 1
—Tan[f(e+1:x)] ]Sec[ (e+1:x)] Tan[f(e+-FxH— 3(1-n)
2 2 2 3-n
AppellF1[1 + 7n,—n,4,1Jr 7n,Tan[1<e+-Fx)]2, —Tan[l(eJr-Ftz]
2 2 2 2

Sec[% (e+fx>]2Tan[§ (e+fx)] +2Tan[§ (e+fx”2

1 3-n 5-n 1 2
[n (- 3 (3-n) AppellF1[1+ ,1-n,4,1+ , Tan[= (e+fx) ],
5-n 2 2 2

—Tan[% (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)]+

5-n

(1-n) (3-n) AppellF1[1+ 3—n) 2-n,3,1+ n, Tan[l (e+-FxH2,
2 2 2

~Tan]| <e+Fx)]2] Sec[% (e+-Fx)]2Tan[

N |
N |

(e+‘FXH +
1

3-n
3 (3-n) nAppellF1[1+ ,1-n,4,1+

5-n 2 2

-Tan| (e+FxH2} Sec[% (e+-FxH2Tan[

s Tan[1 (e+fx)]2,
2
1

<e+fx)]—57n

N |
N |

3-n 5-n 1 2
4 (3-n) AppellF1[1+ , =N, 5,1+ ——, Tan|[ = (e+fx) ]|,
2 2 2
-n

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]
((—3+n) AppellFl[l_Tn, -n, 3, BT, Tan[% (e+fx)]2, —Tan[i (e+FxH2] +

2 (nAppellFl{B;n, 1-n, 3, S;n’ Tan[l (e+-FxH2, —Tan[l (e+fx)]2} +
2 2 2 2
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3AppellF1[3_—n, ~n, 4, —, Tan[l (e+fx) ]2,
2 2 2

tan[ > (e £x)]°]| Tan[ S <e+fx>]2]2])

2 2

Problem 47: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(dCot[ewa])”Sin[e+-Fx]4d1x

Optimal (type 5, 51 leaves, 2 steps):

(d Cot[e + f x] >1*” Hyper‘geometr‘icZFl[3, 1;”, 3;”, —Cot[e+fx}2}

df (1 + n)
Result (type 6, 8475leaves):

[25'” (-3+n) Cot[e+Ffx] " (dCot[e+fx])" |Cos[4 (e+Fx)]

(lCot[eJr-Fx]”—l]‘lCot[eJr-Fx]”Sin[Z (e+-Fx)] —ECot[ewa}”Sin[Z (e+fx>]2+
16 4 8

leot[eJr-Fx]”Sin[Z (e+~FxH3+iCot[ewa}"Sin[Z (e+fx)]4 -
4 16

i1‘1Co‘c[e+-Fx]“Sin[4 (e+Fx” —ECot[eJr-Fx]”Sin[Z (e+-Fx)] Sin[4 (e+-FxH +
16 4

iJ'1Cot[e+1cx}"sin[2 <e+fx)]zsin[4 (e+fx)]+
8

lCot[e+1‘:x}"sin[2 (e+fx>]35in[4 (e+fx)] -
4

iJ'lCo‘c[le-Fx]”Sin[Z (e+-FxH4Sin[4 (e+Fx)]+

16

Cos |2 (e+fx”4 (iCOS[4 (e+-Fx)] Cot[e+fx]”—ijCot[e+-Fx]“Sin[4 (e+fx)} +
16 16

Cos |2 (e+fx”3

1 1, .
Cos[4 (e+fx)] (—ZCot[ewa}"JrZnCot[ewa]”Sm[Z (e+fx)]

+

+

leot[e+fx]“Sin[4 (e+fx)] +lCot[e+fx}”Sin[2 (e+fx)]sin[4 (e+fx) |
4 4

iCot[e+1‘x]"f5]‘1Cot[e+Fx]"Sin[2 (e+fx)] -

Cos[z(eﬂcxﬂ2 . .

Cos[4 (e+fx)]

ECo‘c[eﬂ‘:x]“sin[z (e+fx”2
8

7EjCot[e+fx]”Sin[4 (e+fx)] 7ECot[e+fx}”
8 4

Sin[2 (e+fx) ]| Sin[4 (e+fX) ] +§J‘LCot[e+fx]”Sin[2 (e+fx)]zsin[4 (e+fx)]

+

—1Cot[e+fx]“+iiCot[eH‘x]“Sin[z (e+fx)]+

Cos[2 (e+fx)] . .

Cos[4 (e+fx) ]

2 Cotlesfx)"sin[2 (e+fx)]>- = iCotle+fx]"Sin|2 (e+fx”3] .
4 4
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lJiCo‘c[e+1Cx]“Sin[4 (e+fx)] +zCot[e+Fx}”Sin[2 (e+fx)]sin[4 (e+fx)] -
4 4

zJ'lCo‘c[e+-Fx]"Sin[2 (e+-FxHZSin[4 (e+-FxH -
4
1Cot[eJr-Fx]”Sin[Z (e+-Fx)]3Sin[4 (e+FxH ]
4

Cot[% (e+-Fx)] —Tan[i (e+-FxH)nTan[§ (e+fx”

[AppellFl[l;—n, -n, 3, 3%, Tan[% (e+fx)]2, —Tan{% (e+fx”2]

<e+'FX)]2)2]/

l1-n 3
((—3+n) AppellFl|——, -n, 3, —
2

(1+Tan[

N |

s Tan[l (e+fx)]2, —Tan[l (e+-FxH2] +
2 2

2 (nAppellFl[B_—n, 1-n, 3, S_—n, Tan[1 (e+fx)]2, —Tan[l (e+-FxH2] +

2 2 2

3Appe11F1[3;n, -n, 4, S_n, Tan[1 (e+-Fx>]2, —Tan[l (e+fx)]2]]
2 2 2
1 2 1-n 3-n
Tan[f(eJr-FxH )]+[2AppellF1[, -n, 4, ,
2 2 2

Tan[E (e+-FxH2, —Tan[l (e+fx>]2} 1+Tan[1 <e+-FX)]ZJ]/

2 2 2

1-n 3-n
((73+n) AppellFl[i, -n, 4, —, Tan
2 2

—

1 2 1 2
N (e+fx)]7, —Tan{; (e+fx)]7] +

3-n 5-n 1 2 1 2
2 (nAppellFl[i, 1-n,4, —, Tan[~ (e+-Fx)] s —Tan[; (e+Fx” | + 4 AppellF1|
2 2 2
3;n,—n, 5, 5%, Tan[%(eJrFxHZ, —Tan[%(ewa)]z} Tan[%(eJrFxHZ -

1-n 3-n 1 2 1 2
AppellF1[~—, -n, 5, ——, Tan[~ (e+fx) ]| , -Tan[~ (e+f /
ppe [ A n A an[z(e+ x) | an[z(e+ x)]7]
((—3+n)AppellF1[1_—n,—n, 5, 3‘—_n) Tan[l(eﬂcx)]z, —Tan[l(e+fx)}2]+
2 2 2 2
Z[nAppellFl[B_—n,l—n, 5, 5—_n, Tan[l(eﬂcx)]z, —Tan[l(e+fx”2}+
2 2 2 2
S;n, Tan[l(e+-Fx)]2,—Tan[l(eﬂcx)]z]]

3-n
5 AppellF1[ ——, -n, 6,
2 2 2

Tan{% (e+fx)}2]”/

f : s 2 (30 sec[: (e 6]
[ (-1+n) (1+Tan[§(e+fx)]2)6 ’

1 2)°
f(-1+n) (1+Tan{5 (e+fx)]

nTan[l (e+fx)]2

Cot[l(e+fx)}—Tan[l(e+fx)] A

o :

-, Tan[% (e+FxH2, *Tan[% (e“FX)]Z}

1-n
(AppellFl [ —, -n, 3,
2



Mathematica 11.3 Integration Test Results for 4.4.0 (a trg)”~m (b cot)™n.nb | 11

3-n

1 2)2 1-n
1+Tan[= (e+fx) | ) ]/((3+n) AppellFl[ ~——, -n, 3, s
2 2 2

s —Tan[l (e+fx) 2} +2 (nAppellFl[B_—n, 1-n, 3,
2 2

J
2 1 2 3-n
(e fx) ], ~Tan|[~ (e fx) "] - 3AppellF1[—=, -n,

4, 5% Tan[% (e+fXH2) _Tan[i (e+fx)]2}] Tan[% (e+fx”2]) +
(zAppellFl[LTn, -n, 4, ;, Tan[% <E+'Fx>]2, —Tan[i (e+fx)]2]
3-n

[1+Tan[§(e+fx)}2])/((—3+n)AppellF1[1_?n,—n, 4, .

Tan[l (e+fx”2, —Tan[1 (e+fx”2} +2 [nAppe11F1[3_—n, 1-n, 4,
2 2 2

S_n,Tan[l<e+fx)]2, —Tan{l(e+-FxH2]+4Appe11F1[3_—n,—n,
2 2 2
5-n 1 1 1 2
5, >, Tan[~ (e+fx)]", -Tan[= (e+f Tan[= (e« f -
5 an[z(e+ x) | an[2<e+ x)]}] an[z(e+ XHJ
1-n 3-n 1 2 1 2
AppellFl|~——, -n, 5, ——, Tan[ =~ f » —Tan| — f /
ppe [ A n A an[z(e+ x) | an[z(e+ x)]7]
[(73+n>AppellF1[1;n,—n, 5, B;n’ Tan[l(eJrFxHZ, —Tan[l(ewa)]z}Jr
2 2 2 2
3-n 5-n 1 1
2 [nAppellF1[~——,1-n,5, >, Tan[= (e+fx)]", -Tan[= (e+f
(n ppe [ X n 5 an[2 (e+fx)] an[2 (e+fx)]"]+
5Appe11F1[ﬂ, -n, 6, ;n, Tan|— (e+-Fx)] s —Tan[l (e+Fx” })
2 2 2
Tan[l(e+fx)]2]]+ !
2 (—1+n) (1+Tan[§<e+fx)]2)5

n

Cot[% (e+fx)] —Tan[l (e+fx)]

24" (-3+n) Sec[% (e+fx)]2

2
(([AppellFl[ln, -n, 3, ﬂ, Tan[1 <e+-Fx)]2, —Tan[l (e+-FxH2]
2 2 2
2 _ _
(1+Tan[1 <e+fx)]2J ]/ {(—3+n)Appe11F1[1—n, -n, 3, & n)
2 2 2
Tan[l(e+fx>]2,—Tan[l<e+1:x)]2]+2(nAppe11F1[3_7n,1—n, 3,
2 2 2
S;n’ Tan[E (e+-FxH2, —Tan[1 (e+fx)]2} +3Appe11F1[3_7n, -n,
2 2 2
4, 5—n, Tan[1 (e+fx)]2, —Tan[l (e+-FxH2]) Tan[1 (e+fx)]2)] +
2 2 2
[ZAppellFl[l;n, -n, 4, B;n) Tan{l (e+-FxH2, —Tan[l (e+fx)]2}
2 2 2
(1+Tan[l <e+-Fx)]2J]/ ((—3+n) AppellFl[l_—n, -n, 4, B_n;
2 2 2
1

Tan[l (e+-Fx)]2, ~Tan|

A (e+-Fx)]2]+2(nAppellF1[3_Tn,1—n, 4,

N
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5-n 1 2 1 2 3-n
, Tan| — (e+fXx , -Tan|— (e+fx 4 AppellF1| ——, —-n,
A [5 (e Fx)] 5 (exFx) 7] + 4 AppellF1| —

5-n
5, —, Tan|
2

N R
1)
+
-+
X
.

I
—
)
=

1-n 3-n 1
AppellFl[i, -n, 5, —, Tan[f (e+-Fx
2 2 2
1-n 3
(<73+n) AppellFl[~——, -n, 5, ——
2
2 (nAppellFl[ﬂ, 1-n,5, H, Tan[1 <e+-Fx)]2, —Tan[l (e+FxH | +5
2 2 2

3-n 5
AppellFl[—, -n, 6, —
2

Tan[l (e+FxH2 +
2 )] (,1+n> (1+Tan[i(e+fx>}2)

20 (3en)n |- >ese[ (oo fx)] - T sec[ (e fx)]’)

[cot[ > e #x)] ~Tan[ > e £x)] lmTan[%(erFx)]

- [[poperara[ T on, 3, 2 Tan e £ 1%, Tan [ (e )
(1 Tan[ > <e+-Fx)]2J2]/ (3] appentra[ 2, a3, 20,

Tan[1 (e+fx)]2, 7Tan[1 (e+fx)]2] +2 (nAppellFl[ﬂ, 1-n, 3,
2 2 2

5-n 1 2 1 2 3-n
CTan[ = (e+£x) 1%, —Tan[ = (e+f 3 AppellF1[=——, —n,
S Tan[ 2 (e fx) |, ~Tan[ 2 (e« £x) 7] + 3AppellFa[ ==, -n
4, %, Tan[%(ewa)]z, Tan[i(e+FxH2])Tan[i(e+fx)]2)]+
[ZAppellFl[l;n,—n, 4, 737n,Tan[E(e+-FxH2, —Tan[1<e+fx)]2}
2 2 2 2
1 2 1-n 3-n
(1+Tan[* <e+-Fx)] )]/ ((—3+n) AppellFl[——, -n, 4, —,
2 2 2
Tan[l(e+fx)]2,—Tan[l(e+fx)]2]+2(nAppellF1[ﬂ,1—n, 4,
2 2 2
S;n,Tan[i(eJrFx”z, —Tan[%(e+fx)]2}+4AppellF1[377n,—n,
5-n 1 2 1 2 1 2
5, >, Tan[~ (e+Fx)]|°, -Tan[~ (e+f Tan[ = (e+f -
A an[z(e+ x) | an[z(e+ x”]) an[z(e+ x)])

AppellFl[l_Tn, -n, 5, B_Tn, Tan[% (e+-FxH2, —Tan[% (e+fx)]2]/

((—3+n) AppellFl[l_—n, -n, 5, B;n, Tan[l <e+1°x)]2, —Tan{E (e+fx”2] +
2 2 2
2 [nAppellFl[ﬂ, 1-n, 5, 5—7n, Tan[1 (e+1°x)]2, —Tan[l (e+fx”2] +5
2 2 2

75—n’ Tan| <e+fx)]2,

3-n 1
AppellF1[——, -n, 6, =
2 2
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+

—Tan[% (e+fx”2}) Tan[% (e”cXHZ)

n

= Cot[l(eﬂcx)]—Tan[l(e+-FxH

25" (-3 + n)

(-1+n) (1+Tan[§(e+fx”2)5 2 2

Tan[% (e+Fx)]
3*_“, Tan[l <e+-f3x)]2, 7Tan[l (e+FxH2]

1-n
( ( [2 AppellFl|~——, -n, 3,
2 2 2 2

Sec[1 (e+1cx)]2Tan[1 (e+Fx)] 1+Tan[1 (e+1‘x”2])/
2 2 2

((73+n) AppellFl[L—n, -n, 3, ﬂ, Tan[1 (e+fx)]2, 7Tan[l (e+FxH2] +
2 2 2
2 (nAppellFl[u, 1-n, 3, 5*_”, Tan[1 (e+fx)]2, 7Tan[l (e+FxH2] +
2 2 2

3-n - 1 2
3AppellFl[~——, -n, 4, ——, Tan|~ (e+fx) ]|,

2 2

—Tan[% (e+fx”2} Tan{% (e+-Fx)]2)] -

1 1-n 3-n 1 2
[( (1—n)nAppe11F1[1Jr ,1-n,3,1+ ,Tan[f(e+1cx” ,
3-n 2 2 2

—Tan[i (e+fx”2} Sec[i (e+-FxH2Tan[

N |

(e+fx)] - 3(1-n)

3-n

1-n 1 2 1 2
A 11F1 (1 , -n, 4,1 , T = f , =T - f
ppe [1+ A n + A an[z(e+ x” an[z(e+ x)] ]

(1+Tan[§ (e+fx)}2]2]/

s Tan[% (e+fx)]2, —Tan[i (e+fx”2] +

Sec[% (e+-FxH2Tan[§ (e+-Fx>]

1l1-n 3-n
((—3+n) AppellFl[——, -n, 3, ——
2

2 (nAppellFl[B_—n, 1-n, 3, S—_n, Tan[l (e+fx)]2, —Tan[l (e+-FxH2] +3
2 2

2

AppellFl[B_—n, -n, 4, S—_n, Tan[l (e+fx)]2, —Tan[l (e+-FxH2]J
2 2 2
Tan{l (e+FxH2) + (ZAppellFl{l;n, -n, 4, 3_—n, Tan[1 (e+-FxH2,
2 2 2 2

—Tan[% (e+fx)]2} Sec[% (e+-Fx)]2Tan{§ (e+fx)]

/

2 1 2
(e+fx)]7, —Tan[; (e+fx)]7]+

1-n 3-n
((—3+n) AppellFl|——, -n, 4, —, Tan|
2

(e+1°x)]2, —Tan[l (e+fx”2] +4

3-n 5
2 [n AppellFl[~——, 1-n, 4, —, Tan|
2 2 2 2

AppellFl[ﬂ, -n, 5, —, Tan[1 (e+fx) ]2,
2 2 2

1 2 1 2
;(e+fx)} ] Tan[;(eJr-FxH +
)

1 1-n 1 2
[2 [7 (1-n) nAppellF1|1+ ,1-n,4,1+ , Tan[= (e+Fx) ],
3-n 2 2 2



14 | Mathematica 11.3 Integration Test Results for 4.4.0 (a trg)”~m (b cot)”~n.nb

—Tan[%(e+fx”2}5ec[§(e+fx”2Tan[§(e+fx)]—3fn4(1—n)
AppellF1[1+1_n,—n, 5,1+ ; ,Tan[i(erFtz, —Tan[i(ewa)]z}
Sec[%(ewaHzTan[i(e+-FxH (1+Tan[§(e+fx)}2])/

[<73+n)AppellF1[17Tn,—n,4, ﬂ,Tan[%(ewa)]z, —Tan[%(e+¥x)}2]+

3-n 5-n 1 2 1 2
2 (nAppellFl[T, 1-n, 4, - Tan[g <e+-Fx)] s —Tan[; (e+FxH | +4

5*_“) Tan[l <e+fx)]2, 7Tan[l (e+FxH2]J

3-n
AppellF1 [ —y -n, 5,
2 2 2

1 2 1 1-n -
Tan[ = (e+fx) | )7(7—(17n)nAppellF1[1+ »1-n,5,1+ s
2 3-n 2 2

Tan[% (e+FxH2, 7Tan[§ (e+fx”2} Sec[% (e+fx”2Tan[§ (e+fx)] -

1 1-n 3-n 1 2
5 (1-n) AppellF1[1+ , =N, 6, 1+ ——, Tan[= (e+fx) ]|,

3-n 2 2 2
ton[ 2 (e )] sec(E (e #x) ) Tan [t ()] /
<e+-Fx)]2, —Tan[

N |
N |

(e+'FXH2] +

N |

1-n 3-n 1

((—3+n) AppellF1[——, -n, 5, —, Tan| ~

2 2 2

2 (nAppellFl[ﬂ, 1-n,5, 5—7n, Tan[l (e+-Fx)]2, —Tan[l (e+-FxH2] +5
2 2 2

3-n 1 2
AppellFl[i, -n, 6, —, Tan[f (e+-Fx)] s
2 2 2

—Tan[% (e+fx”2}) Tan[% (eJr-I:xH2 +
[AppellFl[lfn, -n, 3, 3%, Tan{% (e+1°x)]2, —Tan[% (e+fx”2}

1 2)2 3-n 5-n 1 2
+ — +t X -y 1l-n,3, —, — +ft X )
(1 Tan[2 (e f )] J [2 (nAppellFl[ 5 1-n,3 5 Tan[2 (e f )]

—Tan[l(e+fx”2}+3AppellF1[3;n,—n, 4, S;n, Tan[l(eJrFxHZ,
2 2 2 2
—Tan[l(e+fx”2} Sec[l(eﬂcx)]zTan[l(e+fx”+
2 2 2
-3 - 1- AppellF1[1+ ~——,1-n, 3,1+ —, Tan[ =~ f ,
( +n)( 37n< n) nAppe [1+ A n + A an[z(e+ x) |
1 2 1 2 1
~Tan[= (e+fx) || sec|= (e+fx)] Tan[= (e+fx)] - 3(1-n)
2 2 2 3-n
Appe11F1[1+1_n,—n, 4,1+ — ,Tan[l<e+fx)] , -Tan[ = (e+fx) ]|
2 2
Sec[l(e+'FxH2Tan[1(e+Fx)] +2Tan[l(e+fx”
2 2 2
1 3-n 5-n 1
[n (— 3(3—n>AppellF1[1+ ,1-n,4, 1+ ,Tan[f(e+fx” ,
5-n 2 2 2
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—Tan[% (e+-FxH2} Sec[% (e+-FxH2Tan[§ (e+fx)]+ an

(e+fx)}2,

(1-n) (3-n) AppellF1[1+ 3;“, 2-n,3,1+ ”

) Tan[

N |

—Tan[

N |

(e+-Fx)]2] Sec[1 (e+-Fx)]2Tan[l (e+FxH +
2 2

1 3-n 5-n

3 (- (3-n) nAppellF1[1+ ,1-n,4,1+

5-n 2 2

(e+fx)] -

, Tan| <e+fx)]2,

1
2
1
5-n

—Tan[i (e+FxH2} Sec[% (e+-FxH2Tan[

N |

3-n 5-n 1 2
4 (3-n) AppellF1[1+ , =N, 5, 1+ ——, Tan|[ = (e+fx) ]|,

2 it coen )]

s Tan[% (e+-Fx)]2, —Tan[% (e+~FxH2] +

—Tan[% <e+fx)]2] Sec[% <e+-Fx)]2Tan[§ (e+FxH

1-n 3-n
(<73+n) AppellFl[—, -n, 3, —
2

Z(nAppellFl[B;n,l—n, 3, S;n, Tan[l(e+fx”2, —Tan[1<e+fx)]2}+
2 2 2
3-n 5-n 1 2
3 AppellFl|——, -n, 4, —, Tan[~ (e+fx)] s
2 2

7Tan[§ (e+fx)]2]] Tan[% (e+fx)]2 "

[ZAppellFl[l;n, -n, 4, B;n) Tan[E (e+-FxH2, —Tan[1 (e+fx)]2}
2 2 2
1 2 3-n 5-n
(1+Tan[f <e+-Fx)] J (2 (nAppellFl[T, 1-n, 4, P Tan|
2

—Tan[ (e+fx”2} +4Appe11F1[3;n, -n, 5, 57, Tan 1 (e+-FxH2,
2 2

2

RN R

Sec[1 (eJrfx)]zTan[1 (e+fx)]+

7Tan[—(e+fx”2} A A

2
(-3+n) [

7Tan[§ (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]- 3in4 (1-n)

(1-n) nAppellF1|1+ ,1-n,4,1+ ,Tan[l(e+fx”2,
3-n 2 2 2

AppellF1|1 + 1—n’ -n, 5, 1+ s Tan[l e+-Fx)]2, —Tan{l (e+FxH2]
2 2

(
1 2
; (e+‘FXH

Sec| (e+fo2Tan[

N |
N |

(e+fx)]|+2Tan]

1 3-n 5-n 1

[n (- 4 (3-n) AppellF1[1+ ~——,1-n,5, 1+ —, Tan[~
5-n 2 2 2

]

(e+fx”2} Sec[1

T l
an| X

2 1
(e+-FxH Tan[g (e+fx)

N |

(1-n) (3—n)AppellF1[1+%,2—n,4,1+ X ,Tan[%(ewaHz,
—Tan[l(e+fx)]2]5ec[l(e+fx)]2Tan[l(e+fx” +
2 2 2
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,1-n,5, 1+—n, Tan[l <e+fx)]2,

1 3-
4 |- (3-n) nAppellF1[1+

5-n 2 2 2
1 2 1 2 1
“Tan[= (e« f Sec[~ (e+fx)] Tan[= (e+fx)] -
an[z(e+ x)]7] ec[z(e+ x) | an[2<e+ x) ] —_—
3-n - 1 2
5(3—n)Appe11F1[1+ X , -n, 6,1+T, Tan[£<e+fx)] s

—Tan[%<e+fx)]2]5ec[%(e+-Fx)]2Tan[§(e+FxH ] )/
((—3+n) AppellFl[LTn,—n, 4, ﬂ, Tan[%(ewa)]z, -Tan]| (e+~FxH2]+

3-n 1 2
2 (nAppellFl[—, 1-n,4, —, Tan|[= (e+fx)]|", -Tan|
2 2

A <e+fx)]2}+

N R NP

3-n 5-n 1 2
4 AppellF1[——, -n, 5, —, Tan[ = (e+fXx) |,
2 2
2

—Tan[% (e+fx)]2] Tan[% (e+fx)]2 +

[AppellFl[l;n, -n, 5, L, Tan[f (e+-Fx)] , —Tan[l (e+fx>}2}
2 2
(2 (nAppellFl[ﬂ, 1-n,5, H, Tan[1 (e+-FxH2, —Tan[l <e+-Fx)] |+
2 2 2 2
5Appe11F1[ﬂ, -n, 6, H, Tan[1 (e+fx” B —Tan[l <e+fx)]2]
2 2 2

Sec[%(ewaHzTan[i(e+fx>}+(—3+n)
[73fn<17n)nAppellF1[1+ ; ,1-n,5,1+ ; ,Tan[i(em‘x)]z,
1 2 1 2 1
—Tan[;(e+fx)] ]Sec[;(e+fx)] Tan[;(e+fx”—37n5(1—n>

Appe11F1[1+1_n, -n, 6,1+3_n,Tan[l<e+fx)] s —Tan{l(eﬂcxﬂ ]
2 2 2
Sec[l(e+'FxH2Tan[1(e+Fx)] +2Tan[l(e+fx”
2 2 2
1 3-n 5-n 1
[n (— 5 <3—n>AppellF1[1+7, 1-n,6,1+—, Tan[f (e+-FxH ,
5-n 2 2 2
1 2 1 2 1 1
“Tan[= (e f Sec[= (e+fx)] Tan[= (e+f
an[z(e+ x)]"] ec[z(e+ x) | an[z(e+ X)]+5—n
(1-n) (3-n) AppellF1[1+37n,2—n, 5,1+57n,Tan[— (e+fx)]",
2 2 2
—Tan[l(e+fx)]2]5ec[l(e+fx)]2Tan[l(e+fx” +
2 2 2
1 3-n -n 1 2
5 |- (3-n) nAppellF1[1+ ,1-n,6,1+ , Tan[ = (e+fx) ],
5-n 2 2 2
1 2 1 2 1
“Tan[= (e« f Sec[~ (e+fx)] Tan[= (e+fx)] -
an[z(e+ x)]7] ec[z(e+ x) | an[z(e+ x) | —
3-n

6 (3-n) AppellF1|1+

, -h, 7, 1+

—n’ Tan|

N |

” (e+£x)]%,
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—Tan[l (e+fx)]2] Sec[l (e+1°x)]2Tan[l (e+fx)]

2 2 terel)]])/

((—3+n) AppellFl[l_n, -n, 5, 3_—n, Tan[l (e+fx)]2, —Tan{l (e+-FxH2] +
2 2

2 2

2 (nAppellFl{%?n, 1-n,5, 5%, Tan[% (e+-FxH2, —Tan[% <e+fx)]2] +

5AppellF1[3_7n, -n, 6, —, Tan{1 (e+fx) ]2,
2 2 2

(e+fx)]2] Tan|

N |

—Tan[

<e+fX>]2]2]]

N |

Problem 48: Result more than twice size of optimal antiderivative.

J(dCot[eﬂcx])”Csc[e+Fx]3d1x

Optimal (type 5, 79leaves, 1step):

;(dc 1+n 3
- ot[e+fx])"""Cscle+fx]
df <1+n)
. +n 4+n 3+n 5 . oy an
Hypergeometric2Fi | s s , Cos[e+fx]?| (Sin[e+fx]?)

2 2

Result (type 5, 190 leaves):
1

-——————— (dCot[e+fx])"
4fn (-4+n?)

n

1 4 . n
((—2+n) nCot[; (e +fx)| Hypergeometric2F1[-1- —, -n, - —, Tan|

; ; (e+fx)]"]+

N |

(e+fx)]"] +

N |

(2+n) [n Hypergeometric2F1[1 - E, -n, 2- E, Tan|
2 2
2 n n
e+ fx ypergeometric -n, -—,1-—, Tan
(e+fx)]"H tric2F1| 212T[

N |

(e+Fx”2])]

2 (-2+n) Cot|

N |

-n

Cos[e + f x] Sec[l(eﬂcx)]2 Tan[l(eﬂcx)}z
2 2

Problem 50: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J(dCot[e+fx])”Sin[e+Fx] dx

Optimal (type 5, 73 leaves, 1step):

- —————(dCot[e+fx])""
df <1 + n)
) n 1+n 3+n 2
Hypergeometric2F1| —, s
2 2 2

, Cos[e+fx]?| Sin[e+fx] (Sin[e+fx]?)
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Result (type 6, 1973 leaves):
(e+fx)]"]

N R

(e+-FxH2, ~Tan|

/

N |

n n
[4 (-4 +n) AppellFl[l— —5 -n, 2,2-—, Tan[
2 2

1 4
Cos[~ (e+fx)| Cotle+fx]" (dCot[e+fx])"Sinle+fx]

2
f(-2+n) (ZnAppellFl[Z—g, 1-n,2, 372, Tan[% (e+£x)]%, —Tan[i (e+Fx)]"] +
4 AppellF1[2 - 2, -n, 3, 372, Tan[% <e+fx)]2, —Tan[% (e+-Fx)]2] + (=4+n)
AppellF1[1 - 2, -n, 2, 2- 2, Tan[% (e+£x)]%, —Tan[% (e+fx)]"] Cot[% (e+fx)]”
S letx)]’)

n n
{4 (-4+n) nAppellF1[1- —, -n, 2, 2- —, Tan[~ (e+FxH , ~Tan|
2 2 2

l 4 -1+n 2
Cos[2<e+fx)] Cot[e + fx] Cscle + fx] )/
(e+fx”2] +

N |

(e+1°x)]2, -Tan|

N |

n n
2nAppe11F1[2— —51-n,2,3-—, Tan[
2 2

“—2+n)
(e+fx)}2} +

N |

n n 2
4 AppellF1[2- —, -n, 3,3-—, Tan[= (e+fx)| , -Tan|
2 2

N |

(e+'FXH2,

N |

n n
(-4+n) AppellF1[1- —, -n, 2, 2- —, Tan]|
2 2

7Tan[§ (e+Fx)]2] Cot[% (e+Fx)]2)J +
(8 (-4+n) AppellF1[1 - 3, -n, 2,2- 2, Tan[% (e+fx)]2, 7Tan[§ (e+fx)]2]

2nAppellF1[2—E, 1-n, 2, 3—2, Tan[1 (e+fx)]2, ~Tan[ = (e+fx)| ]+
2 2 2

Cos[1 <e+-Fx)]3Cot[e+1‘:x]”sin[l (e+fx)]
2 2

“—2+n)

4 AppellF1[2 - E, -n, 3, 3- E, Tan[1 (e+fx)]2, ~Tan[ = (e+fx)| ]+
2 2 2

n n 2
(-4 +n) AppellF1[1 - S’ -n, 2, 2- S’ Tan[ = (e+fx) ],

N |

—Tan[% (e+fx)]2] Cot[% (e+fx)]2)] -

1 n n
[17—) nAppellF1[2-—,1-n, 2, 3-
2- 2 2

1 4
4 (-4+n) Cos[~ (e+Ffx)]| Cot[e+fx]" -
2

2
n 1 2 1 2 1 2
2, Tan|[= (e+£x)]%, ~Tan[= (e« f sec[= (e+fx)] Tan[= (e+fx)] -
X an[z(e+ XH an[z(e+ x)]} ec[z(e+ x)] an[z(e+ x)}
1 n n n 1 2
——2 (1——] AppellF1[2- —, -n, 3,3- —, Tan[ = (e+fXx) ]|,
n 2 2 2 2

2_1
2
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/

s —Tan{% (e+fx”2] +

(eJr-Fx)]zTan[1 (e+fx)]

(e+-Fx)]2]Sec[ A

—Tan[

N |
N |

N

(e+fx)]

N |

n n
2nAppe11F1[2— —51-n,2,3-—, Tan[
2 2

“—2+n)

n n
4 AppellF1[2- —, -n, 3, 3- —, Tan|
2 2

(e+1:x)]2, -Tan]| (e+fx)}2} +

N |
N |

(e+'FXH2,

N |

n n
(-4+n) AppellF1[1- —, -n, 2, 2- —, Tan]|
2 2

7Tan[§ (e+fx)]2] Cot[% (e+Fx)]2)) +

(e+fx>]2, ~Tan| (e+-Fx)]2]

N |

n n 1
4 (-4 +n) AppellF1[1- —, -n, 2, 2~ —, Tan[
2 2 2

n n
- (-4+n) AppellF1[1- —, -n, 2, 2- —,
2

Cos[1 <e+fx)]4Cot[e+fx]“
2

2

(e+-Fx)]2] Cot |

N |

Tan[ (e+fx)]2,—Tan[ (e+-Fx)]Csc[%(e+-FxH2+

N |
N |

(-4 +n) Cot]|

N |

2 1 n n n
(e+fx)] {— (1——)nAppellF1{2——,1—n, 2,3-—,
2 - 2 2 2

|~ N~

1 (em‘x)]zTan[l (e+fx)] -

(e+fx)]2]5ec[ A

Tan[% (e+-Fx>]2, -Tan|

N

NS o

n n 1 2
2(1—*)AppellF1[2— ,-n,3,3-—,Tan[~ (e+fx)]",
2 2 2

2_ﬂ
2

+

—Tan[% (e+fx”2} Sec[% (e+-FxH2Tan[§ (e+fx)]

n n n 1 2
2n |- 2 (2——) AppellF1[3-—,1-n,3,4- —, Tan[ =~ (e+fx)],
2 2

3-10 2 2
2

—Tan[% (e+fx)]2] Sec[% (e+fx)]2Tan[§ (e+fx)]+ Y

AppellF1|[3 - E, 2-n,2,4- E, Tan[l (e+fx)]2, —Tan[l (e+fx”2]
2 2 2 2

1 n n
- (277) nAppellF1[3- —, 1-n,
3- 2 2

Sec| (e+fx)]2Tan[ (e+fx)]|+4

N |
N |

n
2

(e+-FxH2, —Tan[ <e+fx)]2} Sec[i (e+-Fx)]2Tan[

N |

n
3,4-—, Tan[
2

N |

1 1 n n n 1 2
~(e+fx)]-——3 (27;] AppellFl[S—;, -n, 4, 47;, Tan[ = (e+fx)]|",

2 3—2 2
(e+-FxH2Tan[ (e+1:x)] ]/

(e+fx)]"] sec]

N |

—Tan[

N R
N R
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[(2+n) (ZnAppellFl[Z—g, 1-n, 2, 372, Tan[% (e+Fx)]%, —Tan[% (e+fx)]"] +
4AppellF1[2—E, -n, 3, 3—2, Tan[1 (e+-Fx>]2, —Tan[l (e+fx)]2] +
2 2 2 2

n n 1 2
(-4 +n) AppellF1[1- —, -n, 2, 2- —, Tan| = (e+fx) ]|,
2 2 2
Problem 51: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

_Tan[i e+ £x)]7] Cot[% (e+fx>]2]2J]

J(dCot[eﬂcx])”Sin[e+1‘x]3d1x

Optimal (type 5, 79leaves, 1step):

- —————(dCotle+fx] )"
df (1+n)
(-2+n), 1+n’ 3+n, Cos[e+fx]?] Sinfe+fx]? (Sin[e+fx}2)§(’2*”)
2 2

Hypergeometric2Fi |

N |

Result (type 6, 5173 leaves):

[16 (-4+n) cOs[1 (e+fx)]6 (cht[enﬂx})”Sin[l (eﬂcx)f
2 2

(Cos[S (e+fx)] —leot[eﬂcx]“—ECot[e+-Fx]”Sin[2 (e+fx)]+
8 8
EJiCo‘c[eJr-Fx]”Sin[z (e+-FxH2+1Cot[e+-Fx]”Sin[2 (e+fx)]3 -
8 8
1Co‘c[e+-Fx}”Sin[3 (e+-Fx>] +EjCot[e+-Fx]”Sin[2 (e+fx” Sin[3 (e+-Fx>] +
8 8

iCo‘c[em‘x}”sin[z (e+fx>]zsin[3 (e+fx)] -
8

lJ'LCot[e+1°x}"Sin[2 <e+-Fx)]3Sin[3 (e+fx)]+
8

Cos|[2 (e+-FxH3 (liCos[B (e+fx)] Cot[e+Fx]”+lCot[eﬂcx]“Sin[B (e+fx)]
8 8

+

3 3 .
Cos[3 (e+fx)] (—*JlCot[eH:x}”—fCot[eHCx]“Sln[Z (e+fx)]

Cos[z(eﬂcx)}z . -

+

ECot[e+-Fx]”Sin[3 (e+fx)] +ijCot[e+Fx}”Sin[2 (e+fx)]sin[3 (e+fx) ]|
8 8

3. 3 . 3
Cos[2 (e+fx)] (Cos[S (e+Fx)] [§1Cot[e+-Fx]”+ZCot[e+fx}”51n[2 (e+fx)] 3

+iCot[e+-Fx]”Sin[3 (e+fx)] —iiCot[ewa]”

iCot[e+fx]"Sin|2 (e+fx)]2
8 4

Sin[2 (e+fx) ] Sin[3 (e+fx) ]| —§Cot[e+fx]”sin[2 (e+fx)]zsin[3 (e+fx)]
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(— ([AppellFl[l— E, -n, 3, 2- 2, Tan[% (e+fx)]2, —Tan[% (e+FxH2] Sec{% (e+-FxH2]/

| =
| =

n
((—4+n) AppellFl[l— —, -n,3,2-—, Tan[

) ) 2(e+fx)]2, —Tan{%(e+fx”2]+

2 (nAppellFl[Z—E, 1-n, 3, 3—2, Tan[1 (e+1°x)]2, —Tan[l (e+-FxH2] +
2 2 2 2
3Appe11F1[2—E, -n, 4, 3—2, Tan[l (e+-Fx>]2,
2 2 2
1 2 1 2
—Tan[;(e+fx>] } Tan[;(eJr-FxH )J+

AppellFl[l—g, -n, 4, 2—2, Tan[i (e+fx)]2, —Tan[% (e+fx)]2]/
n n 1 2 1 2
((74+n)AppellF1[1f—, -n, 4,2-—,Tan[~ (e+fx)]|", 7Tan[; (e+fx)]7] +
2 2 2

n n 1 2 1 2
2 [nAppellFl[Zf—, 1-n,4,3-—,Tan[~ (e+fx)]", 7Tan[; (e+fx)]7]+
2 2 2

4Appe11F1[2—3, “n, s, 3—2, Tan[% (e Fx)]%,
_Tan[i (e+fx)]2} Tan{% (e+fx)}2))]/

1 7 1
16 (-4+n) Cos|[~ (e+fx)]| Cot[e+Ffx]"Sin[= (e+fx) |
-2+n 2 2

- ([aoperarza- 2, onz 2= 2 van (2 (e )], Tanl (e fx] )]

N |
N |

Sec|

N |

2 n n
(e+fx)] ]/ [(—4+n) AppellF1[1 - >’ -n, 3,2- >’

Tan[1 (e+fx)]2, -Tan| (e+fx)]2] +2 (nAppellFl[Z—E, 1-n, 3,
2 2

n 1 1 2 n
3% Tan[ L (e fx) %, Tan[ L (er£x]]7] e 3appeniFa2- D, n,
2 2 e 2
4,3 " Tan[1<e fx)]2 Tan[l(e fx”z])Tan[l(e fx)]z)]
) - Ty N + > o * 5 ’ "
2 2 2 2

2

s N |k

n n 1 2 1 2
AppellF1[1-—, -n, 4,2-—, Tan|[ = (e+f , —Tan|[= (e+f /
ppe [ ) n ) an[z(e+ x) | an[z(e+ x)]7]

n
((—4+n) AppellF1[1- —, -n, 4, 2- —, Tan]|
2 2 2 2

2 [n AppellF1|2 -

AppellF1|2 -

(e+-Fx)]GCot[eﬂcx]‘l*"Csc[e+-Fx}ZSin[1 <e+fx>]2

16 (-4 +n) nCos[
2

N |

-2+n

n n 1 2 1 2
- A 11F1|{1-—, -n, 3,2-—, T — f , =T — f
( ([ppe [ 5 n ) an[2<e+ x)] an[z(e+ XH ]
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1 2 n n
Sec[~ (e+fx)] ]/[(—4+n>APP911F1[1‘_) -n, 3, 2--,
2 2 2

1 2 2 n
Tan[; (e+fx)]", -Tan[= (e+fx)] ]+2(nAppellF1[2—;, 1-n, 3,

2

— N |k

3.1 Tan{l (e+fx)]", —Tan[l (e+fx)]2} +3 AppellF1[2 - 2o,
2 2 2 2
4:3*251hn[§(e+Fx)r,—Tan[

! (e+-FxH2]) Tan[1 <e+-Fx)]2)] +

2 2

AppellF1[1 - 2, -n, 4, 2 - 2, Tan[i (e+-FxH2, —Tan[% (e+fx)]2]/

n n 1 2 1 2
((—4+n) AppellF1[1- —, -n, 4, 2- —, Tan[ = <e+-Fx)] s —Tan[; (e+FxH |+
2 2 2

n n 1 2 1 2
Z(nAppellFl[Z——,l—n, 4,3-—,Tan[ = (e+fx)]", -Tan[ = (e+fx)] | +4
2 2 2 2
n n 1 2
AppellF1[2-—, -n, 5,3- —, Tan[ =~ (e+fx) ],
2 2 2
—Tan[l(ewaHz})Tan[l(e+fx”2)J—
2 2

48 (-4 +n) Cos[l (e+1cx>}SCot[em‘:x]”Sin[l (e+fx)]3
-2+n 2 2

(e+fx)]2, ~Tan|

(e+fx)]’]

N |

n n
(—((AppellFl[l— =, -n,3,2-—, Tan|
2 2

N |

1 2 n n
Sec[~ (e+fx) | ]/ [(—4+n) AppellF1[1- =, -n, 3, 2- —,
2 2 2
Tan[1 (e+fx)]2, —Tan[l (e+Fx) 2] +2 (nAppellFl[Z— E, 1-n, 3,
2 2 2
3- 2, Tan[% (e+-FxH2, —Tan[i (e+fx)]2} +3AppellF1[2— 2, -n,

4,3- 7, Tan[ > (e £x) ], Tan [ (e £x))"] | Tan[ (e £x))7) |+

n n 1 2 1 2
AppellF1[1- —, -n, 4,2-—, Tan[~ (e+fx) ] , -Tan[~ (e+f /
ppe [ ) n » an[z(e+ x) | an[z(e+ x)]7]

((—4+n) AppellF1[1 - E, -n, 4, 2 - E, Tan[l (e+fx)]2, —Tan[l (e+fx)}2] +
2 2 2 2

n n 1 2 1 2
Z(nAppellFl[Z——,l—n, 4,3-—,Tan[ = (e+fx)]", -Tan[ = (e+fx)] | +4
2 2 2 2
n n
AppellFl[Z—;, -n, 5, 3—;, Tan[ = (e+fx) ]|,
—Tan[l(ewaHZ} Tan{l(e+-FxH2)J+
2 2

(e+Fx)]2

N |

16 (-4 +n) Cos[1 (e+fx”6Cot[e+fx]”Sin[
-2+n 2

(e+Fx)]"]

N |

n n 1 2
—({AppellFl[l— —,-n,3,2-—, Tan[ =~ (e+fx)]", -Tan]
2 2 2

Sec[l (e+1cx)]2Tan[l (e+fx)] /[(—4+n)AppellF1[1—E, -n, 3, 2—2,
2 2 2 2
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Tan[l<e+fx>]2,_Tan[l(e+fx)]2]+2(nAppe11F1[2-ﬂ,1—n, 3,
2 2 2
n 1 2 1 2 n
3-—, T - £ , =T — f 3A 11F1{2- —, -n,
A an[z(e+ x) | an[z(e+ x)]"] +3 Appe [ .
4,3- " Tan[l(e -Fx)]2 Tan[l(e -Fx)}z])Tan[]'(e -Fx)]z)]
> 27 T N + T N + o * -
2 2 2 2
1 2 1 n n n
Sec[~ (e+fx)| |- (1—*)nAppe11F1[Zf*,1fn, 3,3--,
2 2——% 2 2 2
Tan[l(eJr-Fx)]z,—Tan[1 (e+fx”2} Sec[l(e+-FxH2Tan[1<e+-Fx)]—
2 2 2 2
1 n n n 1 2
——3 (1——] AppellF1[2- —, -n, 4,3- —, Tan[ =~ (e+fXx) ]|,
zfg 2 2

2 2

—Tan[l(e+fx)]2]5ec[1(e+-Fx)]2Tan[1(e+fx” /
2 2 2
((—4+n) AppellFl[l—E,—n, 3,2—E, Tan[l(eﬂcx)]z, —Tan{l(e+fx”2]+
2 2 2 2
Z(nAppellFl[Z—E,l—n, 3,3—9, Tan[l(ewa)]z, —Tan[l(e+FXHZ]+3
2 2 2 2
AppellFl[Z—g,—n, 4,3—2, Tan[i(ewa)]z, —Tan[%(ewaHz]J
1 2 1 n n n
Tan[f(eJr-FxH )+[ [1—*)nAppellF1[2—f,1—n, 4,3- —,
2 2——2 2 2 2
Tan[l(eJr-FxHZ, —Tan[l (e+fx”2} Sec[l(e+-FxH2Tan[1(e+-Fx)]—
2 2 2 2
1 n n n 1 2
4(1——] AppellF1[2- —, -n, 5,3- —, Tan[ =~ (e+fXx) ]|,
2—72 2 2 2 2

—Tan[

N |

(e+fx)]2] Sec[% (e+-Fx)]2Tan[§ (e+fx)]

n
2 [nAppellFl[Z— —,1-n, 4, 3-
2
n
AppellF1[2- —, -n, 5,3 - —, Tan]|
2

2
Tan{% (e+fx”2) +

AppellF1[1 - E, -n, 3,2- E, Tan[l (e+-FxH2,
2 2 2

7Tan[1 <e+'FX)]2} Sec[% (e+fx)]2

2 (nAppellFl[Z— E, 1-n, 3, 3- E,
2 2 2
Tan[1 (e+1:x)]2, —Tan[1 (e+-FxH2} +3AppellF1[2—E, -n, 4, B—E,
2 2

2 2
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372 2 2 2
1 2 1 2 1
—Tan{;(erFxH }Sec[;(ewaH Tan[;(e+-Fx)]+373
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Problem 52: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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Tan[i (e+fx)]2: —Tan[i (e“cxﬂz} COt[i (e+fXH2]2]U)
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Summary of Integration Test Results

52 integration problems

A - 45 optimal antiderivatives

B - 1 more than twice size of optimal antiderivatives
C - 6 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



